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Abstract 

We show that representations up to homotopy can be differentiated in a functorial way. 
A van Est type isomorphism theorem is established and used to prove a conjecture of Crainic 
and Moerdijk on deformations of Lie brackets. 



Contents 

1 Introduction [l| 

2 Preliminaries 

3 Differentiation of representations up to homotopy 

3.1 Differentiating cochains 

3.2 Differentiating representations up to homotopy 

4 The van Est theorem and deformations 

4.1 An isomorphism theorem 

4.2 Differentiating the adjoint and deformations \24 



1 Introduction 



Some of the usual constructions of representations of Lie groups and Lie algebras can be extended 
to the case of Lie groupoids and algebroids only in the context of representations up to homotopy. 
These are A^-, respectively L^-, versions of usual representations. For Lie groupoids, the 
adjoint representation is a representation up to homotopy which has the formal properties one 
would expect, for instance with respect to the cohomology of the classifying space ([2]). For 
Lie algebroids, the adjoint representation is a representation up to homotopy ([U [6]), whose 
associated cohomology controls the infinitesimal deformations of the structure, as expected from 
the case of Lie algebras. 

The purpose of this paper is to compare the global and the infinitesimal versions of repre- 
sentations up to homotopy, and to explain an application regarding the deformations of Lie 
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brackets. We construct a differentiation functor : lZep°°(G) — > TZep°°(A) from the category of 
unital representations up to homotopy of a Lie groupoid to the category of representations up to 
homotopy of its Lie algebroid. Moreover, we show that given a representation up to homotopy 
E of G there is a homomorphism 



from the cohomology associated to E to the cohomology associated to *&(E). We prove a van 
Est type theorem, which provides conditions under which this map is an isomorphism (in certain 
degrees). 

In [5] Crainic and Moerdijk introduced a deformation complex for Lie algebroids. Its coho- 
mology controls the deformations of the Lie algebroid structures and arises in the study of the 
stability of leaves of Lie algebroids ([!]). Based on the rigidity properties of compact group 
actions, Crainic and Moerdijk stated a rigidity conjecture (Conjecture 1 of |5j) which gives con- 
ditions under which the deformation cohomology should vanish. In the case of a Lie algebra g, 
the conjecture corresponds to the vanishing of H 2 (q,q), for g semisimple of compact type. We 
will explain how representations up to homotopy can be used to give a proof of this conjecture. 
Since the deformation cohomology of a Lie algebroid coincides with the cohomology associated 
to the adjoint representation, one can reproduce the usual proof for Lie algebras (0[8l[9]), once 
the differentiation functor and the van Est isomorphism theorem have been established in the 
context of representations up to homotopy. 

The paper is organized as follows. Section Sj2] contains the definitions and general facts about 
representations up to homotopy. In Section £j3] we construct the differentiation functor for 
representations up to homotopy. The main result of this section is Theorem 13. 141 We begin 
Section $Hby proving a van Est isomorphism theorem, see Theorem 14.71 We then show that by 
differentiating the adjoint representation of a Lie groupoid one obtains that of the Lie algebroid 
(Proposition 14.101) . At the end we prove the rigidity conjecture of [5], which is Theorem 14.111 
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2 Preliminaries 

In order to fix our conventions, we will review the definitions and basic facts regarding repre- 
sentations up to homotopy of Lie algebroids and groupoids. More details on these constructions 
as well as the proofs of the results stated in this section can be found in [H [2] . Throughout the 
text, A will denote a Lie algebroid over a manifold M, and G will be a Lie groupoid over M. 

Given a Lie algebroid A, there is a differential graded algebra Q(A) = T(AA*), with differential 
defined via the Koszul formula 



where p denotes the anchor map and Lx(f) = X(f) is the Lie derivative along vector fields. 
The operator d is a coboundary operator (d 2 = 0) and satisfies the derivation rule 



: H(G,E) -»■ H(A,V{E)) 



du)(a 1 ,...,a n+1 ) = y^(-l) t+J 'u)([aj, aj], • • • , 

i<j 




d(urj) = d{u)r] + (-l) p Lod(r]) 
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for all u G £l p (A),r) G W{A). 

Definition 2.1. Let A be a Lie algebroid over M . An A-connection on a vector bundle E over 
M is a bilinear map V : T(A) x T(E) -> r(£), (a, 5) ^ V a (5) suc/i tfiai 

V/o(«) = /V a («) and V a (/«) = /V a (s) + (L p(a) /)s 

hold for all f G C°°(M) ; s G T(£') and a € T(yl). TTie curvature o/V is £/ie tensor given by 

R v (a,P)(s) := V a V /3 (s) - V^V a (s) - V K/3] (s) 

/ora,/3 € r(A), s G r(£). 

The A-connection V is called flat if Ry = 0. A representation of A is a vector bundle E 
together with a flat A-connection V on E. 

Given a graded vector bundle E = © fcgZ E k over M, we denote by Q(A,E) the space 
r(A(^4*) <8> graded with respect to the total degree. The wedge product gives this space 
the structure of a graded commutative module over the algebra £l(A). This means that Cl(A, E) 
is a bimodule over £l(A) and that 

uj A r/ = (-l) fcp r/ Aw 

holds for w G Q k (A) and r/ G Q(^4, E) p . When doing the wedge products, it is important that 
one takes the grading into account. See [T] a detailed explanation of the sign conventions used 
in the defintion in the wedge product. In order to simplify the notation we will sometimes omit 
the wedge symbol. 

Definition 2.2. A representation up to homotopy of A consists of a graded vector bundle E 
over M and a linear operator 

D : Q(A,E) -> Q(A,E) 

which increases the total degree by one and satisfies D 2 = as well as the graded derivation rule 

D(ut}) = d(oo)rj + (-l) k u;D(T]) 
for all uj G Q k (A), rj G Q(A, E). The cohomology of the resulting complex is denoted by H(A, E). 

Intuitively, a representation up to homotopy of A is a cochain complex of vector bundles over 
M endowed with an ^-connection which is flat up to homotopy. This is made precise as follows: 

Proposition 2.3. There is a bijective correspondence between representations up to homotopy 
(E, D) of A and graded vector bundles E over M equipped with 

1. A degree 1 operator d on E making (E,d) a cochain complex of vector bundles. 

2. An A-connection V on E which respects the degree and commutes with d. 

3. For each i > 1 an End(E) -valued i-cochain u-i of total degree 1, i.e. 

Ui G fi*(A,End 1-< GEO) 

satisfying 

d{uji) + dv(wj-i) +w 2 A Wj_ 2 + u>3 A + • • • + w«-2 Aw 2 = 0. 
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The correspondence is characterized by 

D{rj) = d(rj) + d^{rj) + w 2 A rj + u 3 A r] + 

We also write 

D = d + V + oo 2 + uj 3 + .... (1) 

There is a natural notion of morphism between representations up to homotopy. 

Definition 2.4. A morphism 4> : E — >■ F between two representations up to homotopy of A is a 
linear degree zero map 

(j) : n(A,E) ->• Q(A,F) 

which is tt(A) -linear and commutes with the structure differentials De and Df- 
We denote by 1Zep°°(A) the resulting category. 

Any morphism is necessarily of the form 

(f) = <f>0 + (pi + <f>2 H 

where <pi is a Hom(£', i ? )-valued i-form on A of total degree zero, i.e. 

(f>i € O^A.Hom-'^F)) 

satisfying 

d(<j) n ) + dy(^n-i) + ^2 [ui, 4>j] = 0. 

i+j=n,i>2 

Remark 2.5. Let and E' be representations up to homotopy of A. A quasi-isomorphism 
from E to £" is a morphism: 

4> = <t>o + <Pi + 4>2 h — , 

such that the morphism of complexes 4>q induces an isomorphism in cohomology at every point. 
Any quasi-isomorphism (j) induces isomorphisms in cohomology: 

<j) : H(A, E) -> H(A,E). 

There is a natural representation up to homotopy associated to any Lie algebroid, called the 
adjoint representation. It is determined by the choice of a connection V on the vector bundle 
A. Moreover, different choices of connection give naturally isomorphic representations up to 
homotopy. 

Definition 2.6. Let V be a connection on a Lie algebroid A. The adjoint representation of A 
induced by V is the representation up to homotopy of A on the vector bundle A © TM , where A 
is in degree zero and TM in degree one, given by the following structure operator: 

D = d + V bas + K V . 

The differential d on the graded vector bundle is given by the anchor, V is an A-connection and 
is an endomorphism valued cochain. The latter two are defined by the formulas 

V^ as (/3) = V p(/3) (a) + [a,/3], 
V b a as (X) = p(V x (a)) + [p(a),X], 
Kv(a,f3)(X) = V x ([a,/3])-[V x (a),(3]-[a,V x ((3)]-V vb as X (a) + V vba as X (f3). 

This representation up to homotopy is denoted by ady(^4). The isomorphism class of this rep- 
resentation, which is independent of the connection, will be denoted by &d(A) . 
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Next we will discuss representations up to homotopy of groupoids. Given a Lie groupoid G 
over M, we will write s and t for the source and target map respectively. We denote the space 
of sequences (51, ... of composable arrows in G by Gk- Here we write the sequence in the 
order of the composition of functions, namely t(gi) = s(<?j_i). Since the source and target map 
are required to be submersions, the spaces Gk are smooth manifolds. We will also write s and t 
for the maps 

s : G k -> M =: G , (gi- ...,g k )^ s(g k ), 
t:G k ->M=: G , {gi. . ..,g k )^ *(fll). 

The differentiate cohomology of G, denoted H&s(G), or just H(G), is the cohomology of the 
complex 

6:C k {G) -^C k+1 {G), 
where C k (G) is the space of smooth valued functions on Gk, and the coboundary operator is 

k 

S(f)(gi, ■ ■ -,gk+i) = (-l) fc /(52, • • • ,3fc+i) + ^(-l) i+fc ,f • • -,9i9i+i, ■ ■ ■ ,9k+i)-f(9i, ■ ■ -,9k)- 

i=l 

The space C*(G) = ®kC k (G) has an algebra structure given by 

(f*h)(gi, ■ ■ • ,5fc+ P ) = (- 1 ) fep /(5i ! • • -,9k)h{9k+i, ■ ■ -,9k+ P ), 

for / e C k (G), h G C P (G). In this way, C*(G) becomes a DGA (differential graded algebra), 
i.e. the coboundary operator 5 is an algebra derivation 

6(f*h) = 5(f)*h + (-l) k f*6(h). 

In particular, H(G) inherits a graded algebra structure. 
The space C(G) of normalized cochains is defined by 

C k (G) = {/ € C fc (G) : /(S!, . . . , 1, . . . ,g k ) = if k > 0}. 

The differential graded algebra structure on C*(G) restricts to this subspace, and the inclusion 
C(G) ^ C(G) induces an isomorphism in cohomology. Given a vector bundle E over M, the 
vector space of E- valued cochains C'(G,E) is the graded vector space 

C-(G,E) = @C k (G,E), 

kez 

where 

C k (G,E) :=F(G k ,t*(E)). 

As before, the subspace of normalized cochains is 

C k (G, E) = {n G C k (G, E) : r,( 9l , . . . , 1, . . . , g k ) = if k > 0}. 

For a graded vector bundle E = fc the space of E valued cochains is denoted by C(G, E)' 
and is graded with respect to the total degree. Explicitly: 

C(G,E) k := C\G,&), 

i+j=k 

C{G,E) k := C i (G,E j ). 

i+j=k 
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The space C(G,E)* is a graded right module over the algebra C*{G): Given / G C k (G) and 
7] G C P (G, E q ), their product r?*/ € C k+P (G,E«) is defined by 

(»? * f)(gi, ■ ■ ■ , 9k+ P ) = (-i) fep T/(5i, • • • , g P )f(g P +i, g P +k)- 

The same formulas give C(G,E)' the structure of a right C , (G)-module. 

Definition 2.7. A representation up to homotopy of G on a graded vector bundle E over M is 
a linear operator 

D : C(G,EY -> C(G,E)' +1 , 

which increases the total degree by one and satisfies D 2 = as well as the Leibniz identity 

D(n*f)=D(r))*f + (-l) k ri*6(f) 

for 7] G C(G,E) k and f G C*(G). We will denote the resulting cohomology by H(G,E). A 
morphism <p : E — > E' between two representations up to homotopy E and E' is a degree zero 
C*(G) -linear map 

(j) : C(G,EY -> C(G,E')', 

that commutes with the structure operators of E and E' . We denote the resulting category by 
Kep°°(G). 

We call a representation up to homotopy unital if the operator D preserves the normalized 
subcomplex. A morphism of unital representations up to homotopy is a morphism of represen- 
tations up to homotopy that preserves the normalized subcomplexes. We denote by IZep 00 the 
resulting category of unital representations up to homotopy. 

In order to describe the structure of these representations up to homotopy, we consider the 
bigraded vector space Cc(End(£')) which, in bidegree (k,l), is 

C£(End<(£)) = r(G k ,Rom(s*(E'),t*(E' +l ))). 

Recall that s and t are the maps s(g±, . . . , g^) = s{gk) and t(gi, . . . , gu) = t(g\) respectively. 
This space has the structure of a bigraded algebra as follows: The product of F G Cg(End' (E)) 
and F' £ C%(End l '(E)) is the element F o F' of C k+k> (End l+l ' (E) ) defined by the formula 

(F o F')(gi, . . .,g k+ k') = F(gi, ■ ■ ■ , 9k) ° F'(g k+1 , . . . ,g k+k >). 

Similarly, we consider the bigraded space 

C G (Rom(E,E')) = T(G k ,Rom(s*(E'),t*(E" +l ))), 

for any two graded vector bundles E and E'. By the same formula as above, this space is a 
C G (End(£'))-CG(End(£)) bimodule. 

The normalized versions of these spaces are defined as follows: 

C k (End l (E)) = {F G C k G {End l {E)) : . . . , 1, . . . , g k ) = if k > 0}, 
(7£(HW(£, E')) = {F G C£(HW(£, E')) : r,( gi , . . . , 1, . . . , g k ) = if k > 0}. 

We will also consider the space C G (End(E)) defined by 

C G (Vnd°(E)) = { V G C G (End°(E)) : r?(l) = id}. 
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Remark 2.8. Given F G CQ(End m (E)) we define operators 

F : C(G, E) -> C(G,E), 
by the following formulas: For k = 1, m = and 77 £ C P (G, E l ) we set 

F(r,)( gi ,..., gp+1 ) = (-l) p+l (F(g 1 ) V (g 2 ,...,g p+1 ) + 

+ . . . . . . , + (-If . . . , 5p )J . 

i=i 

If k ^ 1 or m ^ 0, the operator is defined by 

F(r))( 9l , . . .,g p+k ) = (-l) k <r+QF(g u . . . , g k )(r,(g k+1 , . . .,g k+p )). 

For k = 1 and m = 0, the operator F is a graded derivation with respect to the right C(G)- 
module structure and respects the normalized subcomplex if and only if F G C G (End°(£')). 
For k 7^ 1 or m 7^ 0, the operator F is a map of C(G)-modules and it respects the normalized 
subcomplex if and only if F G C^(End m (E)). 

Proposition 2.9. There is a bijective correspondence between representations up to homotopy 
of G on the graded vector bundle E and sequences (F k ) k > of elements F k G Cg(End 1_fc (-E)) 
which, for all k > 0, satisfy 

k-l k 

^(-l^iV^i, . . . ,g jg j+i, ...,g k ) = ^2(-l) J Fj( gi , ...,gj)o F k _j(g j+1 , . . .,g k ). (2) 

j=l j=Q 

The correspondence is characterized by 

D = Fq + F 1 + F 2 + .... 

A representation is unital if and only if F\ G C l G (End d {E)) and F k G C'g(End 1_A: (£')) for 
k^l. 

Let E and E' be two representations up to homotopy with corresponding sequences of structure 
maps (F k ) and (F k ). There is a bijective correspondence between morphisms of representations 
up to homotopy <f> : E — > E' and sequences (<fi k ) k >o of elements 4> k G CQ(Hom~ k (E, E')) which, 
for all k > 0, satisfy 

(-iy<f>j{gi,..., g j )oF i (g j+1 ,...,g k ) = ^ Fj( gi , . . . , gj ) o <f>i(jg j+1 , . . . ,g k ) (3) 

i+j=k i+j=k 

k-l 

+ ^2{-iy4>k-i{gi, ■ ■ -,gj9j+i, ■ ■ -,9k)- 

// E and E' are unital representations up to homotopy, then a morphism between them is a 
unital morphism if and only if <p k G CQ(Hom~ k (E, E')) for k > 0. 

Remark 2.10. Let E and E' be representations up to homotopy of G. A quasi-isomorphism 
from E to E' is a morphism: 

4> = + <Pi + 4>2 h — , 

such that the morphism of complexes 4>o induces an isomorphism in cohomology at every point. 
Any quasi-isomorphism <j) induces isomorphisms in cohomology: 

<p : H(G, E) -> H(G,E'). 
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Remark 2.11. We have defined unital representations up to homotopy as differentials on the 
space of cochains which restrict to the normalized cochains. On the other hand, the proof 
of Proposition 12.91 shows that a differential on the normalized cochains extends naturally to 
a differential on all cochains. Thus, one can take the equivalent point of view that a unital 
representation is a degree one derivation on the space of normalized cochains which squares 
to zero. Note that this does not conflict with the definition of cohomology: for any unital 
representation up to homotopy, the inclusion of normalized cochains in the space of cochains 
induces an isomorphism in cohomology. In what follows we will regard unital representations up 
to homotopy as differentials on the space of normalized cochains. From now on all representations 
up to homotopy are assumed to be unital, even when we do not mention it explicitly. 

In order to define the adjoint representation of a Lie groupoid, one needs to choose a connec- 
tion. As before, two different connections give naturally isomorphic representations. Let us first 
explain what we mean by a connection in this context. 

Definition 2.12. An Ehresmann connection on a Lie groupoid G is a sub-bundle % C TG 
which is complementary to the kernel of ds and has the property that 

n x = T X M, V xeM CG. 

There is an equivalent way of looking at connections which uses the vector bundle underlying 
the Lie algebroid of G, i.e. 

A = Ker(ds)\ M - 

The construction of the Lie algebroid shows that there is a short exact sequence of vector bundles 
over M: 

t*A ATGA s*TM, 

where r is given by right translations as follows: For g : x — > y in G, r g is the derivative of the 
right multiplication by g, i.e. 

r g = (dR g ) ly : A y — ► T g G. 
With this, we see that the following structures are equivalent: 

• An Ehresmann connection % on G. 

• A right splitting of the previous sequence, i.e. a section a : s*TM — > TG of (ds), which 
restricts to the natural splitting at the identities. 

• A left splitting u of the previous sequence which restricts to the natural one at the iden- 
tities. Such a splitting can be viewed as a 1-form oj G Q 1 (G,t*A) satisfying uj(r(a)) = a 
for all a. 

These objects are related by 

co a r = Id, (ds) o a = Id, r o ui + a o (ds) = Id, H = Ker(cr) = Im(w). 

From now on, when talking about an Ehresmann connection on G, we will make no distinction 
between the sub-bundle H, the splitting a and the form uj. In particular, we will also say 
that a is a connection on G. Moreover, we will often say connection instead of Ehresmann 
connection. Observe that an easy partition of unity argument shows that any Lie groupoid 
admits an Ehresmann connection. 
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There is another version of the definition of connections which uses the target map instead of 
the source. The two are equivalent: any % as above induces a sub-bundle 

U ■= (di)(U) 

which is complementary to Ker(dt) and, at points x € M, coincides with the image of T X M. 
Similarly, there is a short exact sequence of vector bundles over M: 

s*A AtgA t*TM 

where I is given by left translations, and a connection TL is the same as a splitting (uJ, a) of this 
sequence. In terms of (u,a), one has 

a g {v) = {di) g -i{a g -i{v)) } uJg(X) =Ug-i(di)g(X). 

Definition 2.13. Let a be a connection on a Lie groupoid G. The adjoint representation of 
A induced by a is the representation up to homotopy of G on the graded vector bundle Ad = 
A © TM, where A is in degree zero and TM in degree one, given by the following structure 
operator: 

D = d + X + K a , 

where d is the anchor while A £ CQ(Ena^(Ad)) and K a € C^EndT 1 {Ad)) are 

X g (X) = (dt) g (a g (X)), 

Xg(a) = -UJg(lg(a)), 

K a (g,h)(X) = {dm) 9jh {u g {X h {X)),a h {X))-a gh {X). 

We denote this representation up to homotopy by Ad CT (G). The isomorphism class of this rep- 
resentation, which is independent of the connection, will be denoted by Ad(G). 



3 Differentiation of representations up to homotopy 

Here we will construct a differentiation functor 

^ :ftep°°(G) ^7£ep°°(A) 

from the category of unital representations up to homotopy of a Lie groupoid to those of the 
Lie algebroid. We prove that for a representation up to homotopy E of a Lie groupoid G, 
differentiation yields a van Est homomorphism : C(G, E) — > Q(A, *$>(E)). 



3.1 Differentiating cochains 

We will first explain how to differentiate Lie groupoid cochains to obtain Lie algebroid cochains. 
The computations already appeared in [3]. We reproduce them here in order to adapt the sign 
conventions to the case of graded vector bundles. In what follows, G is a Lie groupoid over the 
manifold M with Lie algebroid A. 

Definition 3.1. Given a section a G T(A), there is a map R a ■ C k+1 (G,E) —?■ C k (G,E) defined 
by the formula 



R a (v)(9i, - ■ ■ ,9k) ■= x 



rj{ gi ,...,g k ,^{s{g k )) x ). 

e=0 

Here denotes the flow on G of the right invariant vector field on G associated to a. 
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The map R a can alternatively be described as follows: consider rj(gi, . . . , gj~, (— as a 
smooth map from s~ 1 (s(gk)) to E t i gi \. Differentiating this map at the point s(g&), we ob- 
tain a linear map from A s i gh \ to E t r gi y If one applies this map to a(s(gk)) the result is 
R a (r])(gi, . . . ,gk)- These two descriptions of R a immediately imply: 

Lemma 3.2. For a G T(A), h G C°°(M), r) G C k (G,E) and f G C l (G) the following identities 
hold: 

a) Rhaiv) =R a (ri)*h. 

b) lfl>0: R a ( v *f) = (-l) k ri*R a (f). 

c) If 1 = 0: Ra(r ] *f) = R a {ri)*f. 

We observe that the last identity is true because we consider normalized cochains. 
Definition 3.3. We define the differentiation map ^ : C k (G,E l ) -»■ Q k (A,E l ) by the formula 

tffaXai, . . . , a k ) := (-1)*' £ R* a{k) ■ ■ ■ R« a(1) V 

aes k 

if k > ar«i to &e egua/ to the identity if k = 0. 

Lemma 3.4. The map ^ is well-defined, namely ^(ry) is multilinear with respect to functions 
on M. In the case of trivial coefficients, the map : C(G) —> Q(A) is an algebra map. In 
general, \& respects the module structure in the sense that for r\ G C k (G,E l ) and f G C m (G) 

*(r7*/) = *(r/)*(/) 

holds. 

Proof. The fact that the map 

r(A) x • • • x r(A) -> r(A) 

(ai,..., a fc ) h-> ^ (-l)l (7 li? Q , (rCfc) ■■■R a<T(1) r) 
CT es fe 

is C°°(M)-multilinear, follows from parts a) and c) of Lemma l3.2i The second assertion is a 
particular case of the third one, which follows from an easy computation. □ 

The sequence (Gk)k>o is a simplicial manifold called the nerve of G. The face maps of the 
simplicial structure are given by the formulas 



di(gi, ■ ■ ■ ,gk) 



(g 2 ,...,g k ) for£ = 0, 

{9i,---,9i9i+i,---,9k) for < % < k, (4) 
.(5l>-..,0fc-i) for i = k. 



Lemma 3.5. For f G C k (G) the following identities hold: 

a) Ra(d* f) = d* (R a f) ifk>0, 

b) R a (d*f) = L p(a) f ifk = 0, 
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c ) Ra k+1 ■ ■ ■ Raiid^f) — L p ( ak+1 }(R ak ■ ■ ■ R ai f), 

d) R*(d* k+1 f) = 0, 

e) R a {d*f) = d*(R a f) forO<i<k, 

f) R[a,(Hf = RaRflW) - fyRaW). 

Proof. All but the last assertion follow from easy calculations. By fixing the first k— 1 arguments, 
the last claim can be reduced to the case r\ € C l {G). For this case it is enough to show that 



d 

Te 



T =0,e=0 



Here • denotes the composition of the Lie groupoid G. Since <3?" and $f are flows of right 
invariant vector fields, we know that 

*f(t(*«(x))).$«(x) = *f(*«(x)), 
^(t(a£(s))). *£(*) = *?(*£(*)). 

Inserting these two equations in the first equation above, we obtain 

where the a and f3 denote the right invariant vector fields associated to a and /3. □ 

Proposition 3.6. The map \& : (C*(G),5) — > (Cl'(A),d) is a morphism of differential graded 
algebras. 

Proof. It remains to check that ^ is a chain map. To this end we pick / € C k (G) and compute 
*(6f)( ai ,...,a k+1 ) = Y, ("^'^(HD-AwW)) 

a&S k+1 
k+1 

= E E (- 1 ) l+fc+H ^ (fc+1 ,---^, 1 ,«/) 

i=0 v£S k+1 

= Y (-l) M+k Ra^ +1) ---Ra a(1) (d* f) 

+E E (- l ) l+k+wl ^ (k+1) ---R^ 1) (dU)- 

i=i o-e5 fc+ i 

An easy calculation using Lemma 13.51 yields the following identities: 

fc+i 

Y (-l) kl+fc ^ CT(fc+1) • • • R aa{1) W) = ^(-l) i+1 L pK;) M/(/)(a 1 , . . . , &i, . . . , a (fc+1) ), 

<rgS fc+1 i=l 

k 

E E (- 1 ) i+fc+H ^ W) ---i?a CT(1) (d|/) = ^(-l) i+ %(/)(K ,<S j} ...,a k+1 ). 

i=l aeS k+1 i<j 

These equations imply that ^(5f) = d^>(f) holds. □ 
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3.2 Differentiating representations up to homotopy 



Here we will show that the structure operators for a representation up to homotopy of a Lie 
groupoid can be differentiated to obtain a representation up to homotopy of the algebroid. 

Lemma 3.7. Given a G T(A) there is an operator 

R a : C%(End(E)) -> C%~ l {End{E)) 

defined by the formula 

d 



R a (F)(gi, . . .,g k -i)(v) :-- 



de 



F(g u ...,g k _ u (*?(x))- 1 )Mt(*?(x)))), 



e=0 



where x = s(gh-i), v £ E x and 7 € T(E) is any section such that j(x) = v. Moreover, for any 
h £ C°°(M) the following identities hold: 

a) R ha (F) = s*(h)R a (F), 

b) R a {s*{h)F) = s*{h)R a {F). 

Proof. In order to prove that the operator is well defined we need to show that it is independent 
of the choice of section 7 € T(E). It is enough to prove that one can replace 7 by 7' = fj where 
/ G C°°(M) is any function with f(x) = 1. For this we compute 



d_ 

de 



6 = 



f( 9i , ... , a _ 1> (*f(x))- 1 )(y(t(*?(x)))) = 

MWWiHi, ■ ■ ■ ■ fflk-i, (^(x))- 1 )( 7 (i(^(x)))) 



d_ 
de~ 
d_ 

de 

+ 

d_ 

de 



t=0 



/(x)F( &1> ... >flfc _ 1> (^(x))- 1 )( 7 (W(x)))) 



e=0 

d_ 

Te 



f(t(^(x)))F(g u ...,g k . uX )( 7 (x)) 



t=0 



F( 5l ,..., 5fc _ 1 ,(^(x))- 1 )( 7 (t(^(x)))). 



e=0 



Note that in the last step we used that F is normalized. Part a) is a consequence of the fact 
that &^ a (x) = ®h( x -) e (%)- The last claim follows from a simple computation using again that F 
is normalized. □ 

We establish some further properties of the maps R a , which will be useful for later computa- 
tions. 

Lemma 3.8. For F € C^End 71 ^)) and F' G C^(End m '(E)) the following identities hold: 

a) R a (F o F') = F o (R a F') if k' > 0, 

b) R a (F o F') = (R a F) o F' if k' = 0, 

c) R a (d*F) = d*(R a F) tf0<j<k, 
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d) R [aA F = R a (Rp(d* k F)) - R p (R a (d* k F)) . 

Proof. All the statements are established in a straightforward manner except for the last one. 
The identity d) follows form the fact that the Lie derivative of a bracket is the bracket of the 
Lie derivatives, as in the proof of Lemma 13.51 □ 

Definition 3.9. The map 4> : C G {End m (E)) Sl k (A, End™ (E)) is defined by 

. ..,a k ) := (-l) km £ (-l^w ■ ■ ■ R a „ (1) F 

<T<=S k 

We observe that this map is well defined in view of Lemma 13.71 

Definition 3.10. For any graded vector bundle E, we will denote by T1(A,E) the space of all 
A-connections on E that respect the degree. There is a map 

* : C g (EtuP(E)) -> U{A, E) 

given by the formula 

d 



(*n.(7)= de 



n(*?w)" 1 )(7(t(*?w))), 

e=0 



foraE T(A) and 7 G T(E). 

Lemma 3.11. Suppose that F G C G (End m (E)), F' G 6%(End m ' [E)), F x G C G (End°(E)) and 
V = G II(A, r/ien, t/ie sum 

k 

-F 1 oF + Y J {-^) j+1 {d*F) + {-l) k FoF l 
3=1 

belongs to the normalized subspace C G +1 (End™ (E)) . Moreover, the following equations hold: 

a) *(F o F') = (-l) fc ( fc '+ m ')vf( j p) A if(F'), 

b) $(-Ft oF + J2 k j =i(-iy + Hd*F) + (-l) k FoF 1 )=(-l) k+m + 1 dv(V(F)). 

Proof. The first claim can be checked by inspection. Part a) follows from Lemma [3.81 Concerning 
part b), one computes 

fc+i 

d v (*(F))(ai, . . . , a (fc+1) ) = ^(-l) (i+1) V aj o *(F)(ai, a k+x ) + 



^(-l) i+ ^(F)([a i5 aj], . . . , an, . . . , dj, . . . , atk+i) + 



B 

k+1 

^(-l)^(F)(ai, . . . ,a j: . . . , a fc+ i) o V Qj 

* v 

c 
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On the other hand, differentiating 

k 

-F 1 oF + + (-l) k F o Fx, 

3=1 

and evaluating on a±, . . . , ot-k+i, we observe that the part coming from —F\ oF gives (— l) fc+m+1 ^4, 
the part coming from Y2j=i(~ l)- 7 "^ 1 (d^J* 1 ) gives ( — \^ k + m + 1 B and the part coming from ( — l) k Fo 
Fx gives (-l) fe+m+1 C. □ 

Corollary 3.12. Let E and E' be graded vector bundles over M and suppose that we are given 
F 1 G C G (End°(E)) and F[ G C G (Encf(E')). Then there is a map 

* : C G (Hom(E,E')) -> Hom(E, E')) 

given by the same formulas as in Definition \3.9l If we denote by V the A-connection induced 
on E © E' by differentiating F\ and F[ , then the map satisfies the equations 

a) #(T o F) = (-l) a ( k + m )^(T) A if(F'), 

b) 4f(F' oT) = (-l)fc'( a + 6 )^(F') A *(T), 

c) #( - F{ o T + £*U(-l) i+1 (^T) + (-l) fc T o Fx) = (-l) k+m+1 d v (i>(T)), 
for F G C G (End m (E)), F' G C k G {End m ' {E)) and T G C G (Hom b (E, E')) 

Proof. This follows from applying Lemma 13.111 to the vector bundle E © E' and observing that 
C G (Hom(£, £')) C C G (End(F / © £")). □ 

The following lemma establishes the compatibility between \l/ and ^, the proof is a straight- 
forward computation. 

Lemma 3.13. For F G C G {End m (E)) with (k,m) + (1,0) and 77 G C P (G,E"), the following 
identities hold: 

a) R a (F{ V )) = (-l) k F(R aV ) ifp > 0, 

b) R a (F( v )) = (—l) q (R a (F)) (7,) i/p = 0, 

c) v(f(t))\ = A *(»/). 

We can now prove the main result of this section. 

Theorem 3.14. Let G be a Lie groupoid over M with Lie algebroid A. There is a functor 

* :'Rep 00 (G) ^Kep°°(A), 

defined as follows: If E G lZep°°(G) has structure operator 

D = F + F x + F 2 + . . . , 

then ty(E) is the representation up to homotopy of A on the graded vector bundle E with structure 
operator 

tt(Z>) = 4f(F Q ) + *GFi) + 9{F 2 ) + .... (5) 
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Given a morphism 

<t> = 4>Q + 4>1 + 02 + • • • 

between representations up to homotopy of G, the operator 

V(<f>) = $0q) + *(0l) + *(0 2 ) + • • • 

is a morphism between the corresponding representations up to homotopy of A. Moreover, for 
any E E 7^ep°°(G), the linear map 

^ :C(G,E) ->Sl(A,W(E)), (6) 

introduced in Definition \3.3l is a morphism of chain complexes and is compatible with morphisms 
in the sense that 

= (7) 

Proof. We will denote the ^-connection ^(Fi) by V. First, we need to prove that the oper- 
ator ^(D) defined in equation ([5]) equips the graded vector bundle E with the structure of a 
representation up to homotopy of A. We know that the operators Fi satisfy the equations 

k k-1 
j=0 j=l 

which are the structure equations for representations up to homotopy of Lie groupoids as ex- 
plained in Proposition 12.91 Applying ^ to these equalities and using Lemma 13.111 one obtains 
the equations 

d v (*(**-i)) + Yl A *(^) = o. 

These are the structure equations for a representation up to homotopy of A given in Proposition 
12.31 Next, we need to prove that the map ^(4>) defined in equation Q is a morphism of 
representations up to homotopy of A. Since ^ is a morphism from E to E' , the following 
identities hold: 

k-l 

(-i) i+ Vi o f, + Fj ° * + E(- 1 ) J ^(^-i) = °- ( § ) 

i+j=k i+j=k j=l 

Applying iff to this equality and using Corollary 13.121 we arrive at 

dv(%*-i) + 52$(*i)M<l>k-j)] = 0, 

which are the structure equations for morphisms at the infinitesimal level. A simple computation 
shows that this construction respects the composition. We conclude that the functor \I> is well 
defined. 

Let us now prove that the map $ : C(G, E) — > Q(A, *&(E)) is a morphism of chain complexes. 
We observe that Lemma 13.131 implies that the diagram 
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C(G,E) *C{G,E) 



Sl(A,E)—-+Sl(A,E) 



commutes for k ^ 1. We still need to prove that the diagram 



C(G, £) — ^ C(G, £) 



U(A,E) *n(A,E) 

ay 



commutes. This is a formal consequence of Corollary 13. 121 c) . applied to the case of maps from 



the trivial vector bundle R with connection given by the constant section 1 £ Cg(End° 
the vector bundle E with connection given by F\ € C G (End°(-E)). 
The last claim follows immediately from part c) of Lemma 13.131 



to 



□ 



We will show now that the functor ^ constructed above behaves in a natural way with respect 
to the operation of pulling back representations up to homotopy. Given a morphism of Lie 
group oids 




one can differentiate it to obtain a morphism between the corresponding Lie algebroids 




Assume that (C(Q, E), D) is a representation up to homotopy of Q on a graded vector bun- 
dle E — > N. Let (i 7 fc)fc> be the structure maps corresponding to D. We define ^*{F k ) € 
C G (End(7*(£))) by the formula 

(l*F k )(gi,...,gk) ■= F k (j(g 1 ),...,'j(g k )). 

Clearly this sequence equips the vector bundle J*(E) with the structure of a representation up 
homotopy of G. Observe that the pull back actually extends to a functor 1Zep°°(Q) — > 7Zep°°(G). 
Furthermore, there is a chain map given by the formula 



j* :(C(Q,E),D) 
(j*r])(g u ...,g k ) : 



>(C(G, 7 *E),YD), 
f/Msi)) • • • ,7(0fc))- 
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One can also pull back representations up to homotopy along morphisms of Lie algebroids in 
a functorial way, and in this situation the pull back of cochains also yields a map of complexes 

7* : (fl(B,E),D) (n(A, 7 *E),7*Z)). 

All this operations are compatible in the following sense: 

Remark 3.15. Let 7 : G — > Q be a morphism of Lie groupoids and let 7 : A — > B be the 
induced morphism of Lie algebroids. Given a representation up to homotopy (C(Q,E),D), all 
the faces of the following cube commute: 



C(Q,E) 



D 



C(Q,E)[1] 



n(B,E) 







*(£>) 


7* 





n(B,E)[i] 



C(G, 7 *E) 

■y*D 



n(A, 7 *E) 



■C(G,<fE)[l] 



<3'(7*D) 



4 The van Est theorem and deformations 
4.1 An isomorphism theorem 

We will now prove a van Est theorem for representations up to homotopy, which provides con- 
ditions under which the differentiation map \P : C(G, E) £l(A, ^(E)) induces an isomorphism 
in cohomology (in certain degrees). 

Given a surjective submersion tt : M — > N, there is a groupoid M x^ M over M with target 
and source maps given by the projections on the first and second component, respectively. 

Definition 4.1. An elementary Lie groupoid G is a Lie groupoid that is isomorphic to M x^ M 
for some surjective submersion tt : M — > N which admits a section 1 : iV — )■ M . 

Lemma 4.2. Let G be an elementary groupoid. Then, any unital representation up to homotopy 
E of G is quasi-isomorphic to a unital representation up to homotopy E' with the property that 
the structure operator D of E' is of the form: 

D = F^ + F{, 

with respect to the decomposition given in Proposition \2.9l 

Proof. We know that G is the groupoid associated to a surjective submersion tt : M — > N 
that admits a section 1 : iV — > M. Let us denote by N the unit groupoid of N. Then, there 
are canonical morphisms of Lie groupoids tt : G — > Af and 1 : M G. We claim that E is 
quasi-isomorphic to tt*(l*(E)). Given an arrow g € G, there is a unique arrow u(g) E G with 
the property that s(v(g)) = t(g) and t(y(g)) = t(wr(<jf)). Let 

D = F + Ft + F 2 + • • • , 
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be the structure operator for E. We define a morphism of representations up to homotopy: 

<j> : E -> ?r*(t*(£7)) 

by 

4> = <t>o + 0i + 4>2 h — , 

where 

i>k(9i,--- -9k) = F fc+ i(i/(gi),0i, ...,g k ). 
We denote the structure operator of 7r* (*,*(£)) by D' and observe that it has the form: 

£>' = p Q + F[. 

This is the case because tt*{l*{E)) is the pull-back of a unital representation up to homotopy of 
the unit groupoid AT, and those are always of this form. Moreover one immediately checks that: 

F^x) = F ( t (7r(ar))), 
F{(g) = id. 

In order to prove that <j> is a morphism of representations we need to establish the following 
equations: 

Y (~ i y ( f>j(9i, ■■■,9j) Fi(g j+ i, ...,g k ) - Y rfj(gi, ■ ■ ■ ,gj) ° M9j+i, ■ ■ ■ ,9k) 

i+j=k i+j=k 

fc-1 

+ ^2(-i) J+1 <l>k-i(gi,---,gjgj+i,---,gk) = o. 

For this we compute directly: 

Y (-iy<f>j(9i,- ■ -,9j) ° Fi(g j+1 , ...,g k )- Y F j^i, ■■■,9j)° <k(9j+u ■ ■ ■ ,9k) 

i+j=k i+j=k 
fc-1 

+ 5Z( -1 ) J+1< ^- 1 (# 1 ' • • ■'*■*■+!' ■ ■ ■ >5fc) 
i=i 

= X] M#i)>5ii • • • ,9j) ^(Sj+i, • • • ,5fc) - K F k+iiy{gi),gu ■ ■ ■ ,9k) 

i+j=k 

fc-1 

-F[{gi) ° F k {v{g 2 ),g 2 , ...,g k ) + ^(-l) J+1 .Ffc(z%i), gi, . . .,9jg j+ i, ■ ■ ■ ,g k ) 

3=1 

Y (- i y +lF 'A v (9i),9i, ■ ■ ■ ,9j) ^(fj+i, ■ • • ,0k) - F k {v{g 2 ),g 2 , ...,9k) 

i+j=k+l 
fc-1 

+ 5^(-l) J+1 F fc (i/(0i), f 1 ' • • • ' ■ ■ ■ ' 9k) 

3=1 

Y (- i y +lF 3i v (9i),9i, ■ ■ ■ ,9j) ^i(fl!j+i, ■ • • ,9k) ~ F k (u{g 1 )g 1 ,g 2 , ...,g k ) 

i+j=k+l 
fc-1 

+ $^(-l) J+1 *k(" (tfOjfl^ • • -i9j9j+i, ...,9k) 
3=1 

= 0. 
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The last equation holds because of the structure equations for the operator D. We conclude 
that is a morphism of representations up to homotopy. One also checks immediately that 4>o 
induces isomorphism in cohomology at every point. This completes the proof. □ 

Proposition 4.3. Let G be an elementary Lie groupoid with l-connected source fibers and sup- 
pose that E = @ k E k is a unital representation up to homotopy ofG. Then, the map induced 
in cohomology 

* : H n (G, E) -> H n (A,^(E)), 
is an isomorphism for a < n < a + I. 

Proof. We can obviously assume that a = 0. In view of Lemma 14.21 and the fact that quasi- 
isomorphisms induce isomorphisms in cohomology, it suffices to consider the case where the 
structure operator of E is of the form: 

D = F Q + F X . 

This means that the cohomology H(G, E) is computed by the double complex: 



Fi 



F 



F 



C 2 {G, E°) — V C 2 (G, E 1 ) C 2 (G, E 2 



Fi 



F 



C 1 (G,E°)— L +C 1 {G,E 1 



F 



Fi 

C°{G, E°) — C°{G, E l ) — C°(G, E 2 ) — 



F! 

■ C 1 (G,E 2 ) 



Fq 



Fq 



Here the vertical lines are given by the complexes associated to ordinary representations of G. 
The differentiation operator ^ induces a map of double complexes to the corresponding double 
complex associated to the Lie algebroid: 



Fi 



si 2 (a, e°) — n 2 (A, e 1 ) n 2 (A, e 



F 



Fo 



Fi 



f^(A E°) Sl 1 (A, E l ) Sl\A, E 



Fi 



Fo 



Fo 



Fi 



Fi 



Sl°(A, E°) — Sl°(A, E l ) OP (A, E 

Now, the van Est isomorphism for ordinary representations, Theorem 4 of [3j, guarantees that 
this map induces an isomorphism in the vertical cohomology up to degree /. A standard spectral 



Fx 



Fo 



Fo 
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sequence argument implies that the map also induces isomorphisms in the total cohomology up 
to degree I. 

□ 

A left action of a Lie groupoid G on a manifold P A M over M is a map G\ Xj^ P —> P 
defined on the space G\ Xm P of pairs (g,p) with s(g) = v(p), which satisfies v{gp) = t(g) and 
is compatible with the units and the composition in G. Given an action of G on P A M there 
is an action groupoid, denoted by G x P. The base of this groupoid is P, the space of arrows 
is G\ x a/ P, the source map is the second projection, while the target map is the action. The 
multiplication in this groupoid is (g,p)(h,q) = (gh,q). 

For all k > a Lie groupoid G acts on the manifold Gk+i — > M with action given by the 
formula 

g(gi,... ,gk+i) = (ggi,---,gk+i)- 

We will denote the action groupoid associated to this action by G^ and set G^~^ = G. Observe 
that G^ is isomorphic to the groupoid associated to the surjective submersion do : Gfc+i — > Gk, 
where we use the simplicial face maps introduced in equation (j3J). In particular, G^ is an 
elementary groupoid. There are natural diffeomorphisms 

— ^k+Xi — ( - 3r fc+2) 

and the source and target maps correspond to do and d\ respectively. We will use these identi- 
fications freely from now on. For i = 0, . . . , k, there are morphisms of Lie groupoids bj : G^*' — > 
G^- 1 ) defined as follows: At the level of morphisms, b, is given by di + 2 ■ Gk+2 — > Gk+i and at 
the level of objects it is di+± : Gk+i —> Gk- 

Lemma 4.4. The following statements hold: 

1. The sequence (G^)k>o together with the morphisms bj form a semisimplicial groupoid 

bo i 
b 1 > bp 

. . . fifP) nW T a(P) 



2. Let 7r : G^' — > G be the morphism of Lie groupoids defined on arrows by (gi, . . . ,5^+2) 
gi, and on objects by (g\, . . . ,gk+i) ^ t(g\). Any morphism 7 : G^ — > G which is obtained 
by composing the morphisms bj is equal to 7r. 

Proof. The first claim is a formal consequence of the fact that the operators di give the sequence 

(Gk)k>o the structure of a semisimplicial manifold. For the second part we observe that bj : 
G (k) _^ G (k-i) 

is given on arrows by di+2 '■ Gk+2 —> Gk+i, and therefore it does not change the 
first component. □ 

Remark 4.5. In order to simplify the notation, we will write E for the representation up to 
homotopy tt*(E) of G^ k ' . The morphism bj induces a pullback map: 

b* : CiG^lE) -> C(G (fc) ,b*(£)). 

In view of Lemma I4.44 we know that \>*{E) = E, so we can write: 

b* : C(G < ^ k ~ 1 \E) -+ C(G lyk \E). 
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We will need the following fact. 
Lemma 4.6. Let b* : C{G i - k - 1 \E) ->• C(G^ k \E) be the linear map 

b* :=^(-l)V. 

Then, the sequence of maps 

-> C(G, £) n ^ G(G (0) , £) n ^> G(G (1) , £) n ^ G(G (2) , E) n ^ • • • , (9) 
is a long exact sequence. Moreover, applying the functor ^ , one obtains a long exact sequence: 

-> E 1 )" ^ ft(,4 (0) , £) n ^> ft(,4 (1) , E) n ^ Sl(AV> ,E) n ^--- (10) 
where denotes the Lie algebroid of . 

Proof. Let us consider the first claim. We observe that there are natural diffeomorphisms: 

4> '■ G$ ->• Gk+m+l, 

{{gi,h\, h\ +1 ), (g m , h?,..., hf +1 )) ^ ( gi , . . . ,g m , h?, . . . , hf +1 ). 
These diffeomorphisms induce isomorphisms of vector spaces: 

<j>* : C k+m+1 {G,E) -> C m (G^ k \E). 
Let us denote by G^ +m+1 (G, i?) the subspace 

Ct +m+1 (G, E) := [r, € C k+m+1 (G, E) : 7/(<7i, ■ .., 9i , l,g i+2 , . . . , 5fc+m+1 ) = 0, for i < m) . 
Then the isomorphism <j)* restricts to an isomorphism: 

4>* : C^ m+1 {G,E) -> r(G (t) ,£). 

Moreover, the diagram: 



C^{G,E) ^^C k + m+1 (G,E) 



commutes. Thus, if we denote by b* : G^+ m (G, E) -»• C4 +m+1 (C, the map 

i=0 

it is sufficient to prove that the sequence 

-> G™(G, £) ^ C™ +1 (G, £) n G™ +2 (G, £) 4 G™ +3 (G, £) 4 • • • , (11) 
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is exact. Let s* : C% +k+1 (G,E) -> C™ +k {G,E) be defined by the formula: 

s*(v)(9l,-- -,9k+m) = V(9l,- ■ ■ ,9mA>9m+l,- ■ -,9m+k)- 
Then, one easily checks that: 

id for i = 0, 



* u i+m+l 



d* +m s* for i > 0. 



These relations imply that b*s* + s*b* = id. We conclude that the sequence (fTTj) is exact. Since 
all the operators in this proof are also present in the case of the sequence (jlOp . the same proof 
applies. □ 

Theorem 4.7. Let G be a Lie groupoid with l-connected source fibers and suppose that 

b 



E = @E k 



k=a 

is a unital representation up to homotopy of G. Then, the map induced in cohomology 

* : H n (G, E) -> H n (A, V(E)), 
is an isomorphism in degrees a < n < a + I. 

Proof. Clearly, we can assume that a = 0. Let us denote by b* : C(G^- k ~ x \E) -> C{G (k \E) the 
linear map 



i=0 



One can organize all these linear maps in a double complex as follows: 



D 



D 



D 



*C(G,E) 



1 — C(G^ , Ef — C(G^ ,Ef — 



D 



D 



D 



»- C(G, E) 1 C(G^,Ef C{G^) 1 E) 1 



D 



D 



V 



C(G, Ef — 6{G$\ Ef — C{G^ l \Ef — • • • 

Here, the vertical operator D is the differential corresponding to the representation up to 
homotopy E. Note that D commutes with b* because it commutes with each b* by Remark l3.15l 
By Lemma 14.61 we know that the rows of this double complex are acyclic. We denote by Tot(G) 
the total complex: 

Tot n (G) = 0C(^U)"- fc . 

fc>0 
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The general homological algebra argument implies that the inclusion of the first column induces 
an isomorphism in cohomology: 

b* : H(G,E) -> H(Tot(G)). 
By applying the functor ^ to the diagram above we obtain a double complex: 



D 



D 



*~Sl(A,E) 



2 



D 



D 



D 
D 



U(A, E) 1 o(^(°), E) 1 n{A^\E) 1 



D 



D 



o — - n(A, e)° — n(AW,E)° n(A^,E)° ■ ■ ■ 

Again, by Lemma 14.61 the rows of this diagram are exact. We denote by Tot(A) the total 
complex: 

Tot n (A) =0!l(#',£) n - fc . 

fc>0 

As before, the inclusion of the first column induces an isomorphism in cohomology: 

b* : H(A, E) -> H(Tot{A)). 

We know that for k > the groupoids G^ are elementary. Moreover, the source fibers of 
are diffeomorphic to those of G. Therefore, Proposition 14.31 implies that for k > the map: 

^ :C{G ik \E) n ^Q(A^ k \E) n 

induces isomorphisms up to degree I. The usual spectral sequence argument then implies that 

\l> : Tot(G) -> Tot (A) 
induces isomorphisms up to degree I. We now consider the commutative diagram 

H n (G, E) H n (Tot{G)) 



D 



H n (A, E) — ^ H n (Tot(A)). 

For n < I three of the maps above are isomorphism, so the fourth one also is. This completes 
the proof. 

□ 
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4.2 Differentiating the adjoint and deformations 

Here we show that by applying the differentiation functor ^ to the adjoint representation of a 
Lie groupoid, one obtains the adjoint representation of the Lie algebroid. We then use this fact 
together with Theorem 14.71 to prove Conjecture 1 of [5]. 

As before, A is the Lie algebroid of G and a is a connection on G. That is, a is a splitting of 
the short exact sequence 

-»• ker(ds) ->■ TG -> s*(TM) -s> 0, 

which coincides with the natural splitting over M. The choice of the connection a induces 
operators, u, a and Jjj as explained in Section [2j Given a vector field X on M, we will denote 
by X the horizontal vector field on G determined by X, namely: 

X(g) = a(g)(X(s(g))). 

For a section a € T(A), we will denote by a the right invariant vector field on G associated with 
a. We also define the vector fields: 

X(g) := ^(XGT 1 )), 
<%) := ^(a^ -1 )), 

where i : G — >■ G is the inverse map. 

Remark 4.8. The connection a on G induces a connection V on A by the formula: 

V x (a)( P ) = [X,a}(p), P £M. (12) 

The vector fields a and X are projectable with respect to the target map t and they project 
onto the vector fields p{ot) and X, respectively. This implies the identity 

[p(a),X}=dt([a,X]). 

Lemma 4.9. Let ad^{A) be the adjoint representation of A induced by V, where V is determined 
by a as above. Then the A-connection part of ady(A) is given by the formulas: 

V b a as (X) = [p(a),X]-dt[a,X], 
V^(/3) = [&J]-[a,p(/3)}. 

Proposition 4.10. Let G be a Lie groupoid equipped with a connection a and denote by V the 
induced connection on A. Then 

*(Ad CT (G)) = ad v (A). 
Proof. Let us write the structure operator of Ad a (G) as: 

D = Fq + F 1 + F 2 . 

Clearly, ^(Fq) = if?(p) = p is the coboundary operator in ady(^4)- Next, we need to prove that 

V bas {x) = (13) 
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Let us fix a point p € M and set U = dt (p) = [p(a),X](p), V = —dt ([a,X]j (p) and 

Z = ^(Fi) a (X)(p); we have seen that V a (X) = U + V. We need to prove that U + V = Z. If 
we denote by $ the right invariant flow associated to a, the flow associated to the vector field 
p(a) is given by t<& e . More explicitly: 



U = 



de 



DtoD$- e (X(t$ e (p))), 



6=0 



de 



6 = 



DtoD*- e {a 9e(p) X(j>)) 



On the other hand, using the property that 
we compute: 



Z = *(F 1 ) a (X)(p) = - 



6=0 



F!(*_ e (f(* e (p))))(X(f(* e (p)))) 



e=0 



0*(*(*_ e (f(* e (p))))(*(*(* e (p)))))- 



e=0 



This expression can be written as: 



d_ 

de 



W(e,e) 



6 = 



where 



Clearly, 



W(e, C) = Dto D$_ e o D$ c (**_ (mt(p) )(X(t(* e (p))))). 



d 

d,e 



6=0 



6 = 



W(e,0) + - 



W(0,e). 



6 = 



Thus, we obtain: 



Z 



d 
de 
d_ 
de 



DtoD$_ e (a m{p)) (X(t(<S> e (p))))) + 



6=0 



de 



Dt o D$ e (a$_ e (p)(X(p))) 



6=0 



DtoD$_ e (X(t(<S> e (p)))) + 



6=0 



de 



DtoD<j> e (az_j p) (X(p))) 



6 = 



V 



U + V. 



Here we have used the fact that the connection on G coincides with the canonical one at the 
identities. We will now prove that 

V£*03) = V(FiUP). 
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Let us set Q = [a,/3](p), R = — [a, p(/3)](p) and S = *&(Fi) a ((3)(p). We need to prove that 
Q + R = S. To this end, we expand Q and R: 



^ de 



£>*_ e G3($ e (p))), 



e=0 



R ~ "* 



e=0 



and compute S 1 : 



5 = *(F 1 ) Q ( J 9)(p) = - 



F 1 (($ e (p))- 1 )(/3(t($ e (p)))) 



e=0 



This expression can be written as: 



d_ 

de 

d_ 

de 



^i(*_ e (t(* e (p))))G9(t(* e (p)))). 



e=0 



e=0 



where 



Clearly, 



T(e,C) = £>*_ £ o J D$ f (F 1 ($_ f (t$ e (p)))(^($ e (p))))). 



e=0 



de 



T(e,0) + 



6 = 



de 



T(0,e). 



6=0 



Thus, we obtain: 



de 
d 
de 



6=0 



6=0 



£>$_ e oFi(t$ e (p))GS(t* e (p))) + - 



D^> e oF 1 ^. t (p))(/3( P )) 



6=0 



£>$_ e 03(t$ e (p))) + - 
de 



£>$ eOj Fi($_ e (p))03(p)) 



6=0 



Q 



R' 



= Q + R'. 

We only need to show that R = R' . For this we compute: 



de 



D^oF^^ip))^)) 



6=0 
d 



de 



6=0 



D^ e ouj^_ e(p) ol^_ e(p) (p(p)) 



d_ 

de 
d_ 

de 



6=0 



D$- £ ow $f(p) oi $f(p) (^(p)) 



e=0 



d,e 



6 = 



D<f>_ e o £7$ e(p ) oDso /$ £ ( p )(/3(p)) 



+ R = R. 



d_ 

de 



6 = 



D$_ e o a ^ {p) o Dt(P(p)) 
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We are left with proving that ^(i 7 ^) = Ky. Instead of computing this directly, we will show 
that it is a formal consequence of the previous equations and the naturality of the differentiation 
process with respect to pullback, as explained in Remark 13.151 First, we observe that the 
statement is true for a groupoid with injective anchor map, as a consequence of the structure 
equations for a representation up to homotopy. Using the notation of Subsection 14, T\ consider 
the Lie groupoid associated to the action of G on itself, and the morphism of Lie groupoids 
bo : G^ — > G. The connection a on G induces naturally a connection a on Since the 

anchor map of G(°) is injective, we know that *f>(Ada(G^)) = ady(^4°). Moreover, the natural 
morphism of the underlying complexes, given by the derivative of bo 

Dbo:Adj(G(°))^bo*(Ad <T (G)), 

is a morphism of representations up to homotopy. By differentiating this morphism we obtain: 

Db :ad^(A(°))^bS(*(Ad CT (G))). 

On the other hand, the same morphism of chain complexes gives also a morphism: 

Db : ady(A^) -> b$(ad v (vl)). 

Because the map of complexes is surjective, we conclude that: 

bS(ad v (A)) = bS(*(Ad <y (G))). 

On the other hand, the map bo is a submersion, therefore the pull-back operation is injective 
and hence ad v (A) = *(Ad CT (G)). 

□ 

In |5j, Crainic and Moerdijk introduced a deformation cohomology associated to a Lie algebroid 
A, denoted H<j e f(A). They proved that in degree two this cohomology controls the infinitesimal 
deformations of the Lie algebroid structure and stated a rigidity conjecture (Conjecture 1), 
which generalizes some rigidity properties of compact Lie groups. This conjecture follows from 
our previous results: 

Theorem 4.11. [Conjecture 1 of [5j] If A is a Lie algebroid which admits a proper integrating 
Lie groupoid G whose fibers are 2-connected, then H^ ei (A) = 0. 

Proof. It is Theorem 3.11 in p] that for any Lie algebroid A and any connection V on there 
is a natural isomorphism 

tf def (A)^ff(A,ad v ). 

Thus, we only need to prove that the cohomology with respect to the adjoint representation 
vanishes in degree 2. Let us chose a connection a on the Lie groupoid G and denote by V the 
induced connection on A. Then, by Theorem 13.141 and Proposition 14. 101 we obtain a map: 

f : C(G, Ado-) -»• Cl(A, (Ad CT )) = 0(A, ad v ). 

Since the fibers of G are 2-connected, Theorem 14.71 implies that this map induces an isomor- 
phism in cohomology in degree 2. Finally, since G is proper, Theorem 3.35 of [2] implies that 
H k (G, Ado-) = for k > 1. This concludes the proof. 

□ 
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